At first, we investigate the short-time decoherence of a qubit nonlinearly coupling with a bath. The measure of the decoherence is chosen as the maximum norm of the deviation density operator. Then we concretely investigate the Josephson charge qubit (JCQ) model. It is shown that at the temperature T ∼ 30mK, the loss of fidelity of present JCQ due to decoherence is bigger than the DiVincenzo low decoherence criterion. In order to decrease the decoherence to satisfy the criterion, the experiment temperature should decrease about 100 times from 30mK.
Introduction
David DiVincenzo put forward a low decoherence criterion for the candidates of quantum computing hardware to be satisfied [1] . An approximate benchmark of the criterion is a fidelity loss no more than ∼ 10 −4 per elementary quantum gate operation. The Josephson junction is considered to be a promising physical realization of the qubit. In general, the loss of the fidelity results from quantum leakage as well as decoherence. It has been shown that the quantum leakage of Josephson charge qubit is not serious [2] . So it is a very significative work to investigate the decoherence of the qubits. To perform the quantitative study of decoherence for a qubit, in general one must firstly solve the quantum dynamical problem of the qubit coupling with its environment. However, the solutions of the coupling system can not be obtained easily, usually a kind of approximation must be appealed. The Markovian approximation [3] is the most familiar one. This approximation has also been used to study the decoherence of qubits in last years [4] [5] . But it is not a suitable tool for researching the short-time decoherence of the qubits [6] . However, the short-time processes is very important because almost all of the gate operations of the quantum devices are short-time processes. Fortunately, a short-time approximation scheme for the deduced density matrix has been developed recently [6] . Another core of the issue to investigate the decoherence is that one must specify the coupling form of the qubits with its environment. In general, according to the characteristic of the environment we may take it bosonic (or fermi) bath and the coupling is supposed linearity because the interaction between the qubit and the modes of its environment is very weak. Under these suppositions (linear coupling and short-time approximation), V. Privman et al. [6] [7] [8] investigated the decoherence of many kinds of open systems and we have investigated a concrete Josephson charge qubit (JCQ) model in Ref. [9] . However, nonlinear coupling of the qubit-bath is certainly existed [12] . In this paper, we firstly introduce a model that JCQ nonlinearly couple with its bath and then using the short-time approximation investigate the decoherence of the JCQ in the qubit-bath model.
Nonlinearly coupling model of qubit-bath
In general, the degree of freedom of the bath is larger than that of the qubit. Though the combined effect of the bath modes on the qubit may be large enough, the coupling of the qubit with each of the modes of the bath is very weak. Thus, the coupling of qubit-bath can also be considered linear. However, due to low temperature and small environment in the devices of quantum nonlinearly coupling model can not be excluded. In fact, the linearly coupling model of the qubit-bath like the amplitude damping model in quantum optics. It is shown that there is another phase damping model. In this paper, we introduce a nonlinearly coupling form of qubit-bath which corresponds to the phase damping model in quantum optics. At first, we in general consider a open quantum system
Here, H S is the Hamiltonian of the investigated quantum system; H B is the Hamiltonian of the bath; and H I describes the interaction of the system and the bath. The bath is traditionally modeled by a large number of uncoupled harmonic oscillators (with ground energy shifted to zero),
If the interaction is linearity, in the rotating-wave approximation the interaction Hamiltonian is
with the interaction constants g j . If the quantum system is a harmonic oscillator the operators Λ, Λ † may be replaced by annihilation and create operators, namely, Λ → a, Λ † → a † . Thus, the interaction Hamiltonian reads
This is a amplitude damping model [10] of oscillator. If the investigated system is a two level system then a → σ − , a † → σ + . Thus, it becomes the JaynesCummings model in rotating-wave approximation. The short-time decoherence of this model has been investigated in Ref. [7] . Suppose the bath be ohmic then
where D (ω) is the density of states of the bath and ω c is the cutoff frequency. For the model of JCQ coupling with the bath (see Fig.1 of Ref. [11] ), the damping coefficient can be calculated with
where R Q = (2e) 2 /h is the (superconducting) resistance quantum. It is shown that when we investigate the short-time decoherence of this model, we can directly use g 2 (ω) D (ω) and do not need solve D (ω) then g (ω) . As well known that the interaction Hamiltonian of oscillator in the phase damping bath is
It is a nonlinear coupling. If we replace the oscillator with a two-level system, namely, a † → σ + , a → σ − , then the total Hamiltonian becomes
where
This Hamiltonian models a kind of nonlinear coupling of the bath to the exposed qubit. This bath can be considered resulting from the fluctuations of the Josephson nanocircuits and the surrounding circuits. A more general model which includes other sources of decoherence, for example quasiparticle tunneling, fluctuating background charges and flux noise has been put forward [12] [13] . Suppose the bath is also ohmic then Eq.(5) will still be held. But in this cases if we want to find out g (ω j ) we must solving D (ω j ). Suppose the initial state of the environment state is Θ which is the product of the bath modes density matrices
Because the degrees of freedom of the bath are much larger than that of the qubit, in the short time we can take the bath's state unchanged and consider it keeping in its thermal equilibrium states. We take the bath a mix of infinite harmonic oscillators at temperature T. Thus, the density of state of the bath reads
for kT ≪ ω j . Here β = 1/kT , k is the Boltzmann constant. By using Eq. (5) we have
3 Short-time dynamics of the qubit in nonlinearly coupling qubit-bath system
In this section we will investigate the general expression for the time evolution operator of the qubit in nonlinearly coupling qubit-bath system within the short time. The definition of the short-time concept has been stated in Ref. [6] [7] [8] . The evolution operator is
In the following we set t = τ /ℏ. Due to non-conservation of H s in this system, the evolution operator cannot be in a general way expressed as e −iHst e −i(HI +HB )t . But in the sort-time approximation, the operator can be approximately expressed as [14] [15]
It has been proved that the expression is accurate enough for the time being short to the characteristic time. So the density matrix elements of the reduced density matrix ρ (t) in the basis of operator H s can be expressed as
Here, we suppose the initial state of the system be R (0) = ρ (0) ⊗ Θ, ρ (0) is the initial state of the qubit and Θ = θ j . By use of the completeness relation of the eigenstates of H s , |· ·| = 1, we have
where λ j (j = 0, 1) and ϕ j are eigenvalues and eigenstates of Hamiltonian H s . Similarly, we have
where χ j (j = 0, 1) and ψ j (j = 0, 1) , are the eigenvalues and eigenstates of operator σ z . So we have
namely, 
Because
where : τ : denotes that the operator τ is ordered by the normally ordering form. Using the relationship of the completeness of the coherent states
we have
where Z j = 1 − e −βωj −1 . By using the formula
we can obtain the result of ρ mn (t) as
It should be noted that we need not take N too large in the following numerical simulation, because the ω j increase with j and the e −βωj decrease with ω j exponentially. By using Eq.(24) we can investigate various characteristics of the nonlinearly coupling qubit-bath systems. By using it, in the following section 5 we shall study the short-time decoherence of the JCQ.
Measure of decoherence for a qubit
In order to investigate the decoherence, one must designate the measure to be used. There are many choices for this purpose. Usually when the evolution time is very long, the large bath interact with the qubit leads to the thermal equilibrium at temperature T . In this case, Markovian type approximations can be used to quantified the decoherent process and it usually yields the exponential decay of the density matrix elements in the energy basis of the Hamiltonian H s .
In this time scale the measures of entropy and the first entropy are used for quantifying the decoherence. But the decoherence of the qubit gates cannot be characterized by this methods because the time of the elementary quantum gate operations are much shorter than the thermal relaxation time. It has been shown that the norms σ λ is useful for describing the decoherence of the shorttime evolution. In this section, we will review the measure according to [6] . We set σ is the deviation operator defined as
where ρ (τ ) and ρ i (τ ) are density matrixes of the "real" evolution (with interaction) and the "ideal" one (without interaction) of the investigated system. σ λ is defined as
For a qubit, the norm can be given by
For a given system, the norm σ λ will increase with time, reflecting the decoherence of the system. However, in general it is oscillating at the system's internal frequency. Thus, the decohering effect of the bath is better quantified by the maximal operator norm, D (τ ) . This norm D (τ ) is defined a measure for characterizing the short-time decoherence, where
It has been shown that the measure can rightly describe the short-time decoherence of qubit. In the following we using this measure investigate the decoherence of JCQ in nonlinearly coupling JCQ-bath.
5 Short-time decoherence of the JCQ in nonlinearly coupling JCQ-bath system
In this section we firstly review the JCQ model. The single JCQ Hamiltonian is [17] 
Here, E ch = 2e 2 / (C g + C J ) is the charging energy; E J = Φ 0 I c /2π is the Josephson coupling energy, where I c is the critical current of the Josephson junction, Φ 0 = hc/2e denotes the flux quantum; n g = C g V g /2e is the dimensionless gate charge, where C g is the gate capacitance, V g the controllable gate voltage. When the Josephson coupling energy E J is much smaller than the charging energy E ch , and both of them are much smaller than the superconducting energy gap ∆, the Hamiltonian Eq.(29) can be parameterized by the number of the Cooper pairs n on the island as [16] [17]
When the temperature T is low enough the system can be reduced to a two-state system (qubit) because all other charge states have much higher energy and can be neglected. So the Hamiltonian of the system can approximately reads
Here, B z = E ch (1 − 2n g ) and B x = E J . Eq. (31) is similar to the ideal single qubit model [17] , but it can be modulated only by changing one parameter B z . However, changing the parameter B z (through switching the gate voltage) one can perform the required one-bit operations. If, for example, one chooses the idle state far to the left from the degeneracy point, the eigenstate lose to |0 and |1 . Then switching the system suddenly to the degeneracy point for a time τ and back produces a rotation in spin space [17] ,
This can be obtained by modulating the gate voltage and making B z = E ch (1 − 2n g ) = 0. Thus, H S = − Bx 2 σ x , and the Eq.(8) becomes
In the following, we will calculate the σ (τ ) λ then the decoherence D (τ ) of JCQ in the system (33). In the calculation, three pure initial states are chosen, they are |φ 0 = (1, 0) T , (corresponding to point in the following Figs.) ; , (corresponding to below line), [because it has been shown that evaluation of the supremum over the initial density operators in order to find D (τ ) , see Eq.(28) one can done over only pure-state density operators [6] ]. Here, the eigenstates and eigenvalues of H s are
The eigenstates and eigenvalues of σ z are
Thus, by using Eq.(24) we can obtain
In the following, we numerically investigate the decoherence of the JCQ in this model. We choose E J = 51.8µev according to [18] , and T = 30mK. In this model the present experimental setup of the JCQ cannot be taken as the qubit for the quantum computation because it do not satisfy the DiVincenzo low decoherence criterion [1] in the elementary gate operation time. However, if we can make the temperature T lower, for example, T = 0.3mK, and keep the E J = 51.8µev, we can obtain an ideal JCQ model for quantum computation. In this case, the norms σ λ versus time t is plotted in Fig.2 . In the second case we can obtain τ 
Conclusions
In this paper we firstly constructed a model of the qubit-bath where we suppose the qubit nonlinearly coupling with the bath. Then we using the model investigated the short-time decoherence of the JCQ. The decoherence is described by the norm of the deviation density operator, σ (t) λ . We define the biggest σ (t) λ the quantity of decoherence D (τ ). In the previous paper [9] we point out that JCQ linearly coupling with the bath can be taken as the qubit for quantum computation. However, the results of this paper shows that at present experimental temperature T = 30mk, when the JCQ nonlinearly coupling to its bath, it is not suitable for taking a qubit for quantum computation because the fidelity loss is larger than the DiVincenzo low decoherence criterion. But when the temperature decrease to T = 0.3mk the loss of the fidelity decrease to a endurable criterion. This offer some information to improve the experimental setup. It also suggest that in order to make the JCQ suitable for a blocks of quantum computation hardware developing the technique of low temperature may be important. It should be noted that this study is still a pilot study to the decoherent problem of JCQ. Some solutions are tentative. For example, the accurate frequencies of the harmonic oscillators of the bath modes may be obtained by virtue of some ingenious experiments. 
